A finite element solution strategy based on Padé approximants for fast multiple frequency sweeps of multivariate problems. Analyses involving structural-acoustic finite element models including three-dimensional modelling of porous media are, in general, computationally costly. While being the most commonly used predictive tool in the context of noise and vibrations reduction, efficient solution strategies enabling the handling of large-size multiphysics industrial problems are still lacking, particularly in the context where multiple frequency response estimations are required, e.g. for topology optimization, multiple load cases analysis, etc. In this work, an original solution strategy is presented for the solution of multi-frequency structural-acoustic problems including poroelastic damping. Based on the use of Padé approximants, very accurate interpolations of multiple frequency sweeps are performed, allowing for substantial improvements in terms of computational ressources, i.e. time and memory allocation. The method is validated and will be demonstrated for its potential on 3D applications involving coupled elastic, poroelastic and internal acoustic domains.
INTRODUCTION
Several problems and methods in engineering require the calculation of multiple solutions dependent on several parameters, e.g. for optimization and stochastic problems, or for the evaluation of multiple responses induced by a set of load cases. As an example, recent research on performance optimization of sound absorbing porous materials [1] , has highlighted the need for efficient methods, considering, e.g., the high computational cost of porous material modeling, the number of material parameters involved, and the uncertainty associated with these parameters, etc. Alternative approaches aiming at efficient multivariate solution strategies, have been studied, see e.g., reduced-order models for porous materials [2, 3] , efficient solution reconstruction for fast frequency sweeps using univariate Padé approximants [4, 5] , to name but a few.
The promising performance of the latter approach to multivariate problems has triggered an interest in the applied mathematics community for the last decades [6, 7, 8, 9] . However, partially due to the complexity, i.e. convergence, implementation, etc. in establishing the multivariate case, very few approaches have been successfully brought to the scope of engineering applications. In the present contribution, the approach initially proposed in [9] is extended to a Finite Element (FE) problem, here illustrated for 3D modeling of sound absorbing porous materials with a standard acoustic absorption problem.
In the first part of the paper, the theory associated with the use of nested Padé approximants is presented, followed by the extension to a Finite Element problem which is applied to the acoustic absorption test case. The results obtained are promising in terms of the observed convergence properties, while particularly well adapted to an efficient implementation.
THE NESTED PADÉ APPROXIMANTS FOR MULTIVARIATE PROBLEMS

Typical multivariate expansion problem around one solution
The typical problem of interest consists in determining the solution vector of a set of equations dependent on several independent variables, e.g. time, frequency, material constitutive parameters, orientation of principal directions, ... Multiple solutions may be of specific interest, for instance, when frequency responses are sought, together with their uncertainty estimates. Such a multivariate problem may thus be written in the following generic form,
with x = x 1 ··· x n T a vector of n independent variables. In a typical FE problem, K, U, and F would respectively be the dynamic stiffness matrix, the solution vector, and the externally applied load vector, of dimension the number of degrees of freedom in the discretized model. For the sake of conciseness and numerical validation, the case of a two-variable problem is considered in the following. For two independent variables, x may be written as x = x y T . The extension to n independent variables can be derived starting from the substitution of x 1 for x and x 2 ··· x n for y. A recursive pattern is then used on the basis of the steps described in the next two sections.
As for the univariate case, the multivariate solution may first be expressed in the form of its truncated Taylor series expansion, around the point (x 0 , y 0 ). For each scalar component of the solution vector U(x, y), with the notation (Δx, Δy) = (x − x 0 , y − y 0 ), the power series expansion is written as
with
where the notation (·) (i)( j) represents the i th and j th partial derivatives in the variables x and y, respectively, with the convention that, at order zero, (·) (0) = (·). N i and N j are the orders of truncation of the power series in the variables x and y, respectively.
In the univariate case, it is well known that a Padé approximation can be far more accurate than a Taylor approximation. Particularly, an excellent approximation can be obtained beyond the disk of convergence of power series, where the Taylor expansion fails to converge. The extension of such Padé approximants to multivariate cases is however much more difficult to establish, and has been given substantial attention in the applied mathematics community [6, 7, 8, 9] . Very few approaches have been successfully brought to the scope of engineering applications, due to issues in terms of, e.g., convergence, implementability. In the following, the method initially proposed by Guillaume [9] for nested multivariate Padé approximants, is taken as a starting point and presented for a bi-variable problem. For two independent variables, n = 2, it involves the steps detailed in the next two sections.
The intermediate parametrized Padé approximant
In a first step, a parametrized Padé approximant of the parameter Δy is defined, yielding an approximant in the variable Δx, with, for coefficients, Taylor series of the variable Δy. It is written as
with the orders of expansion m i and n i chosen such as N i = m i + n i , and where
Thus, Eq. (4) may be explicitly rewritten as
Note that both the power series Eq. (2) and the parametized Padé approximant Eq. (6) involve
Determination of the denominator coefficients s (m i +i) j
As shown in [8, 10] , the denominator coefficients s (m i +i) j can be calculated recursively from linear systems of equations at fixed orders j in Δy. Assuming the following notations, for j = 0 ··· N j ,
the denominator coefficients are solution of the recursive multiple right-hand-side problem, 
Determination of the numerator coefficients s i j
The numerator coefficients are then obtained by equating the coefficients of P(Δx, Δy) to the expansion in the variable Δx of the product U Δy (Δx) Q(Δx, Δy). Correcting what seems to be an error in [11] , this step yields the following expression for the numerator coeffcients,
For the extension to problems with n independent variables, this step, leading to a Δy-parametrized Padé approximant, is recursively applied (n − 1) times to the Padé coefficients obtained, which are multivariate Taylor expansions of the independent variables y. After the last recursive step, the remaining Padé coefficients are univariate Taylor expansions of the variable x n (i.e. y in the two-variable case presented), to which a final step, consisting in a univariate Padé approximant, is applied, as detailed in the following section.
The nested Padé approximant
In the final step, the power series expansions Eq. 
The coefficients of this Padé approximant may be determined using the methods developed for univariate problems [10] . First, the denominator coefficients are solutions of the systems
where
The numerator coefficients are then given by simple algebraic operations,
It is worth noticing that the number of t i j coefficients is maintained to (N i +1)×(N j +1), which is beneficial for implementation purposes, thus being a substantial advantage of this approach. The bivariate Padé expansion approach is tested for its practical application to engineering problems, on a simple sound absorption problem of an acoustic porous material. For this trivial 1D problem, a 2.5 cm-thick poroelastic layer of infinite lateral dimensions is considered, backed by a rigid wall to which it is clamped (see Fig. 1 ). The porous layer is supposed to have a motionless 00 00 00 00 00 00 11 skeleton under the imposed excitation conditions, such that it may be modeled as an equivalent fluid. The Delany-Bazley-Miki empirical model is chosen [12, 13] , for which the acoustic response of the porous material depends on two independent variables, i.e. the frequency f and the static airflow resistivity σ. It is thus governed by the Helmholtz equation, with complex and frequencydependent equivalent expressions for the density and the bulk modulus, given by [13] ,
where ρ 0 = 1.21 kg/m 3 is the ambient density of the air, saturating the pores, and c 0 = 343 m/s the speed of sound in the air.
Proceeding to the derivation of the variational formulation using the test-function method, the acoustic porous Finite Element problem can be written under the following form of discretized system of equations,
where K p and M p are the FE matrices, P the pressure fluctuation solution vector, and V the excitation vector. This bivariate problem is thus of the form
which corresponds to the generic form of problems introduced in Eq. (1).
The normal incidence absorption coefficient, the quantity used to evaluate the convergence of the approach, is given by
where the acoustic impedance Z may be calculated in three ways. First, the analytical expression is given by Z = −i Z c 1
tan( k eq d)
, Z c and k eq being the equivalent characteristic acoustic impedance of the porous medium and the wave number, respectively, determined using the expressions in Eqs. (14), and d being the thickness of the layer (see e.g. [14] ). Then, it can be calculated from the FE solution of the pressure fluctuation at the free surface, given the normal velocity excitation. This includes two approaches, either calculating the direct solution as many times as the number of ( f , σ) pairs of interest, or calculating the direct solution at a reduced set of ( f , σ) pairs in the considered domain, and expanding the solution in terms of multivariate Padé approximants in between these points. Note that in the latter case, a local analytical approximation of the solution is obtained over entire subdomains of the ( f , σ) variable space.
In order to determine the bivariate expansion of the solution around a given solution vector, its partial derivatives with respect to both f and σ are required for the initial step of the method, in Eq. (2). The following section presents an iterative numerical approach for this purpose.
Solution vector partial derivatives for the bivariate solution expansion
In analogy to previous contributions for univariate FE problems [4, 5] , the partial derivatives of the solution vector can be calculated recursively by a method based on the use of the general Leibniz rule for multiple variables. For two independent variables, and applied to the left hand side of Eq. (16), it yields
Extracting from this summation the highest-order term in both indexes, and applying a partial derivation of Eq. (16) to the order i in f and j in σ, yields the following recursive system of equations to be solved, for the partial derivatives of the solution vector at order i in f , and j in σ,
where the dependence of Q p and P on f and σ has been omitted, and V (i)( j) = 0 for i > 0 or j > 0 in the proposed application. Note that, Eq. (19), implying a multiple right-hand-side recursive problem, may be very efficiently solved by performing a single decomposition of the system matrix Q p at the initial step.
Results and discussion
In order to illustrate the approach proposed for the reconstruction of parameter-dependent multiple FE frequency responses, the bivariate Padé reconstructions are presented based on one ( f , σ) solution point. For a solution in the frequency range [300, 6000] Hz, and in the flow resistivity range [3000, 60000] Ns/m 4 , the main reconstruction point is arbitrarily chosen at ( f 0 , σ 0 ) = (2500, 25000). The porous layer is modeled with ten linear elements in the thickness. Although the convergence with increasing orders of truncation would be interesting to present, only one truncation is presented, for the sake of conciseness. Thus, the Padé-reconstructed solutions are established with m f = m σ = 4, with the constraint n i = m i + 1 for the denominator truncations. This constraint echoes the choice made for univariate Padé approximants in recent publications [4, 5] . Note that the choice of the best truncation orders is an important and intricate step of the method, which is still given much attention in the Padé approximants community. Fig. 2 presents the FE reference and reconstructed solutions of the real part of the acoustic impedance. It illustrates well the potential of the approach, as both responses are hardly distinguishable, despite their complexity. The corresponding error is presented in Fig. 3 , where the relative error is plotted both in the same 3D view as Fig. 2 , and further detailed in a plane view.
The colormaps correspond to a decimal logarithmic scaling of the relative error. Fig. 3a thus illustrates that the error is well below 1% for almost the entire domain of interest, except at low frequency and flow resistivity where the reconstruction starts to diverge. This is confirmed in Fig. 3b where additional isolines have been added at 10 −10 %, 0.01%, and 1%. The error is thus lower than 1% for all frequency responses above σ = 7000 Ns/m 4 . independent variables, it is particularly interesting to notice that the divergence seems to evolve along parallel lines in the expansion directions. This results, for two independent variables, in approximately rectangular domains of iso-accuracy of the response (isolines in Figs. 3b and 5b) . Particularly, there seems to be no particular weakness of the convergence along diagonals, which would be very advantageous, if confirmed, for the reconstruction over larger domains where multiple starting points would be required.
CONCLUSION
In this paper, the implementation and application of a multivariate approximation approach was presented, based on the use of nested Padé approximants. The practical convergence properties of the method were demonstrated for a sound absorption problem where a porous material, modeled using an equivalent fluid empirical model, was studied. For a 2.5 cm-thick layer, the method was able to recover, with excellent accuracy, the FE solution in the frequency While further tests and implementation improvements are required to quantify the efficiency of the approach and its practical applicability to more than two independent variables, these preliminary results are promising for the application to several fields of engineering in general, including the efficient modeling of sound absorbing porous materials, currently under investigation by the authors.
